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One of the interesting aspects in the study of atomic nuclei is the strikingly regular behaviour many
display in spite of being complex quantum-mechanical systems, prompting the universal question
of how regularity emerges out of complexity. It is often conjectured that symmetries play a pivotal
role in our understanding of this emerging simplicity. But most symmetries are likely to be broken,
partial or both. Under such more realistic conditions, does the concept of symmetry still provide
a basis for our understanding of regularity? I suggest that this requires the enlarged concepts of
partial and quasi dynamical symmetry.
PACS numbers: 03.65.Fd, 21.60.Fw, 24.60.Lz
DYNAMICAL SYMMETRY
Symmetries are of central importance to physics. Classically they determine constants of motion and conserved
quantities. In quantum mechanics they provide quantum numbers to label eigenstates, determine degeneracies and
lead to selection rules that govern transition processes. A derived notion is that of dynamical symmetry concerning
which, unfortunately, considerable semantic confusion exists and which is defined here following Iachello [1]. While
a hamiltonian with a given symmetry commutes with all transformations associated with that symmetry, this is no
longer the case for a hamiltonian with a dynamical symmetry which only commutes with certain combinations of
those transformations (called Casimir operators) which commute among themselves. As a result, eigenstates of a
hamiltonian with a dynamical symmetry, as compared to those of one with a symmetry, are characterized by the same
labels and obey the same selection rules but the feature of spectral degeneracy is relaxed. The symmetry breaking
occurs for the hamiltonian but not for its eigenstates.
While dynamical symmetry might be unfamiliar as a term, the concept is used extensively in diverse areas of physics,
and in particular in nuclear physics. Notable examples are Racah’s pairing model [2] and Elliott’s rotation model [3],
and their many extensions that can be formulated in terms of dynamical symmetries [4]. Lesser known are two further
generalizations which have been developed over the last two decades, namely partial dynamical symmetry (PDS) [5]
and quasi dynamical symmetry (QDS) [6], and which are the subject matter of the present article. I will illustrate the
basic ideas behind these extensions in the context of a simplified version of a nuclear model, while emphasizing that
they are of generic applicability to any many-body problem as long as it can be formulated in an algebraic language.
THE INTERACTING BOSON MODEL AS A SYMMETRY LABORATORY
The interacting boson model (IBM) proposed by Arima and Iachello [7] is ideally suited to illustrate the notion of
dynamical symmetry and its above-mentioned generalizations. The model in its simplest version assumes a system
of N interacting bosons that have either spin 0 (s) or spin 2 (d). The bosons can be thought of as pairs of nucleons
(neutrons or protons) in the valence shell of the nucleus [8]. Alternatively, the d bosons can be associated with
quadrupole oscillations of the nuclear surface [9]. Over the years the IBM has revealed a rich algebraic structure,
allowing a simple yet detailed description of many collective properties of nuclei. Numerical techniques exist to solve
the secular equation associated with a general IBM hamiltonian. An additional characteristic feature of the model
is that, for particular choices of the boson energies and the boson-boson interactions, this equation admits analytic
solutions. This happens when the hamiltonian can be written as a combination of commuting Casimir operators of
U(6), the algebra formed by the s and d bosons, and its subalgebras. The analysis of Arima and Iachello shows [10]
that three such cases (that is, three dynamical symmetries) exist, corresponding to nuclear spectra with a vibrational
[U(5)], a rotational [SU(3)] or a γ-soft [SO(6)] character. The essential symmetry properties of the IBM are captured
by the hamiltonian of the so-called extended consistent-Q formalism (ECQF) [11],
HˆECQF = ω
[
(1− ξ)nˆd − ξ
4N
Qˆχ · Qˆχ
]
, (1)
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FIG. 1: Illustration of the concept of dynamical symmetry (DS) for the ECQF hamiltonian. The plots show the wave-function
entropy, in the three different bases U(5), SU(3) and SO(6) (left, middle and right), averaged for all eigenstates with angular
momentum L = 0 and boson number N = 15. This quantity is a measure of dynamical symmetry and vanishes when all
quantum numbers of the basis are exactly conserved for all eigenstates.
where nˆd is an operator that counts the number of d bosons and Qˆ
χ is the quadrupole operator of the model containing
a parameter χ. The structural properties of the ECQF depend on the two parameters ξ and χ since ω is but an overall
scale parameter. The conventional ranges of the two structural parameters are 0 ≤ ξ ≤ 1 and −√7/2 ≤ χ ≤ 0, and
their extreme values (ξ, χ) = (0, anything), (1,−√7/2) and (1, 0) correspond to the U(5), SU(3) and SO(6) dynamical
symmetries (or ‘limits’ for short), respectively. The entire physical parameter space can therefore be represented on
a so-called Casten triangle [12], each point of which corresponds to a specific choice of the parameters in the ECQF
hamiltonian. (It is possible to extend this triangle to include the region 0 ≤ χ ≤ +√7/2; this extension is important
as regards the quantum phase transitions of the ECQF hamiltonian [13] but is not considered here in the discussion
of its symmetry properties.)
One way to determine the symmetry properties of a given hamiltonian is with the help of its ‘wave-function entropy’
(WFE) [14]. For one of its eigenstates this quantity is defined as −∑i α2i lnα2i where αi are the states amplitudes in
a given basis which in the IBM are usually taken to be U(5), SU(3) or SO(6). A vanishing WFE therefore implies
an exact U(5), SU(3) or SO(6) dynamical symmetry. For example, any eigenstate of an SU(3) hamiltonian has zero
WFE in the SU(3) basis (since one amplitude αi equals 1 and all others 0) but a large one in U(5). Figure 1 shows
the averaged WFE for all eigenstates of the ECQF hamiltonian with angular momentum L = 0 in the three different
bases. As expected, a blue region (low WFE) is found around the vertex that corresponds to the basis used. It
is tempting to conclude from this figure that the interior region of the triangle is not amenable to any symmetry
treatment. That conclusion would be wrong.
The results of figure 1 are found if one considers the WFE of all eigenstates (with L = 0) with respect to all
quantum numbers in a given basis. But in most applications one’s interest is confined to a few low-energy eigenstates.
In addition, interesting symmetry properties may arise if some symmetries are broken while others are conserved.
To uncover the existence of such cases, one considers the WFE of a subset of eigenstates of the ECQF hamiltonian
and/or the decomposition of these eigenstates onto subspaces characterized by a single label of a particular subalgebra.
There are many combinations of this kind and figure 2 shows the WFE for three choices of eigenstates and/or labels
in an SO(6) basis (again for L = 0 but similar results are obtained for other L). From left to right the figure
illustrates the three types of partialities as defined in Ref. [5]: (PDS1) some eigenstates carry all the labels proper
to a particular dynamical symmetry, (PDS2) all eigenstates carry some of its labels and (PDS3) some eigenstates
carry some labels. A surprising result of figure 2, only recently recognized [15], is shown in the plot PDS3SO(6) which
quantifies the conservation of the SO(6) label in the ground state and uncovers an entire band of ECQF hamiltonians
with approximate ground-state SO(6) symmetry.
Figure 3 provides another illustration of the baffling multitude of symmetry features of the Casten triangle. The
plot PDS2SO(5) indicates to what extent the label of the SO(5) subalgebra—associated with d-boson seniority—is
conserved for all eigenstates of the ECQF hamiltonian, and it turns out that the conservation of this label is exact
for the entire U(5)–SO(6) transitional hamiltonian. This feature was noted a long time ago [16] and it can be shown,
more generally, that the U(5)–SO(6) transitional hamiltonian is in fact integrable [17]. Another noteworthy result
is shown in the plot PDS3SO(5) of figure 3 which proves that a large area in the Casten triangle corresponds to
ECQF hamiltonians with approximate SO(5) symmetry in the ground state. One may therefore expect selection rules
associated with this symmetry to have a wide validity in nuclei.
One can similarly investigate the persistence of quasi-dynamical symmetry (QDS) in the ECQF hamiltonian. While
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FIG. 2: Illustration of the concept of partial dynamical symmetry (PDS) for the ECQF hamiltonian. The plots show the
wave-function entropy (WFE), in the SO(6) basis, of eigenstates with angular momentum L = 0 and boson number N = 15.
From left to right is shown: (PDS1) WFE of the yrast eigenstate with respect to all labels of the SO(6) limit, (PDS2) WFE of
all eigenstates with respect to the SO(6) label and (PDS3) WFE of the yrast eigenstate with respect to the SO(6) label.
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FIG. 3: Illustration of the concept of partial dynamical symmetry (PDS) for the ECQF hamiltonian. The plots show the
wave-function entropy (WFE), with respect to the SO(5) label, of eigenstates with angular momentum L = 0 and boson number
N = 15. From left to right is shown: (PDS2) WFE of all eigenstates with respect to the SO(5) label and (PDS3) WFE of the
yrast eigenstate with respect to the SO(5) label.
QDS can be defined mathematically in terms of embedded representations [18], its physical meaning is that several
observables associated with a particular subset of eigenstates may be consistent with a certain symmetry, which in
fact is broken in the hamiltonian and its eigenstates. This typically occurs for a hamiltonian transitional between
two dynamical symmetries which retains, for a certain range of its parameters, the characteristics of one of those
limits [19]. This ‘apparent’ symmetry is due to a coherent mixing of representations in selected eigenstates. The
criterion for the validity of QDS is not the WFE of individual eigenstates in a certain basis but rather the similarity
of the decomposition in that basis for a subset of eigenstates. Figure 4 shows a quantitative measure of this similarity
for yrast eigenstates of the ECQF hamiltonian with L = 0, 2, . . . , 10. It is defined as
√
1− Θ¯ where Θ¯ is the average of
ΘLL′ =
∑
i α
L
i α
L′
i for all pairs L 6= L′, where αLi are the amplitudes of the yrast eigenstates with angular momentum
L in a U(5), SU(3) or SO(6) basis. It is seen that large areas of the Casten triangle are blue (i.e., display QDS).
There are obvious connections between the symmetry concepts of PDS and QDS, as illustrated by comparing the
plots PDS3SO(6) in figure 2 and QDS3SO(6) in figure 4 which have a similar structure. Even more surprising is the
fact that areas of the Casten triangle exist where the partial conservation of one symmetry [SO(6) PDS] is consistent
with a coherent mixing of another, incompatible symmetry [SU(3) QDS]. The contrast of the results shown in figures
2 to 4 with those of figure 1 is startling. While dynamical symmetries are restricted to small regions in the parameter
space (the blue areas in figure 1) and therefore can be expected to have only marginal applicability in nuclei, this is
not the case for the extended concepts of PDS and QDS—see figures 2 to 4 where large bands of blue abound in the
triangles. It is in fact difficult to find a spot in the Casten triangle that is not amenable to some symmetry treatment!
The ECQF is used here only to illustrate with figures the notions of PDS and QDS, and in no way do these
results represent the complete symmetry analysis of the IBM. A general IBM hamiltonian with up to two-body
interactions allows the occurrence of exact dynamical symmetries of various partialities [20], some of which are not or
only approximately present in the ECQF. In addition, dynamical symmetries exist corresponding to different phase
conventions [21], and these should be taken into account in a full symmetry study. Finally, three-body interactions
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FIG. 4: Illustration of the concept of quasi dynamical symmetry (QDS) for the yrast eigenstates of the ECQF hamiltonian in
the three different bases U(5), SU(3) and SO(6) (left, middle and right). The plots show a quantitative measure (as defined in
the text) of the similarity of the decomposition in the different bases for the yrast eigenstates with even angular momentum
L = 0 to 10 and boson number N = 15.
between the bosons, which are to be expected given their composite nature, further enrich the symmetry features of
the IBM [22]. It is remarkable that close to forty years after the proposal by Arima and Iachello, the full symmetry
content of the IBM still remains to be uncovered.
AN EXAMPLE FROM THE SHELL MODEL: SENIORITY ISOMERS
Although most applications of PDS and QDS have been considered in the context of the IBM, they are by no means
restricted to this model. As an illustration of this statement, I present an example taken from the shell model. The
starting point is the original analysis of Racah [2] who proved that the pairing interaction between identical fermions
in a j shell is characterized by the seniority quantum number (usually denoted by υ) which counts the number of
nucleons not in pairs coupled to angular momentum zero. Subsequent studies showed that seniority has a much wider
applicability in the sense that any two-body interaction between identical nucleons conserves this quantum number
as long as the angular momentum j of the shell is smaller than or equal to 7/2 [23].
There are clear observational consequences associated with the conservation of seniority, one of them being vanishing
E2 matrix elements between levels with the same seniority when the j shell is half filled [23]. These findings are at
the basis of the existence of so-called seniority isomers [24], nuclear levels with a half-life typically in the micro-second
range, whose decay is hindered by this seniority selection rule. In the left part of figure 5 is shown the spectrum of
94Ru [25], which has an 8+ isomer at 2.644 MeV with a half-life of 71 µs. The isomeric character of this level is a
consequence of the slow E2 decay and the small energy difference with the 6+ level below it. In a first approximation,
94Ru can be treated as a semi-magic nucleus with four protons in the 1g9/2 shell to which a seniority classification can
be applied. The expected seniority spectrum is shown in the middle of figure 5 and it is seen that two 4+ and two 6+
levels occur close in energy, with seniority υ = 2 (blue) and υ = 4 (red), respectively. Since for a general interaction
seniority is not a conserved quantum number in a shell with j = 9/2, one would expect the states with the same
angular momentum to mix, which in turn would modify the E2 decay of the 8+ level. This is not the case however,
since it can be shown [26] that the states indicated in red have exact seniority υ = 4 for any two-body interaction.
This is an example of a PDS in a fermion system, in this case associated with seniority. As a result of PDS, no mixing
occurs, the predictions of the seniority scheme hold true and the isomeric character of the 8+ level depends essentially
on its position relative to the 6+ level with seniority υ = 4.
In the right part of figure 5 is shown the spectrum of 72Ni where the 6+ level with seniority υ = 4 is below the
8+ level, opening up an alternative decay path, which explains why the latter level is no longer isomeric but has a
half-life of less than 20 ns [27]. Similar simple analyses can be done for other semi-magic nuclei and explain why the
8+ level is isomeric in 212,214Pb and in 128Pd [28].
It therefore transpires that the occurrence of isomers in several semi-magic nuclei is a consequence of the partial
conservation of seniority. The problem can be recast as one of interacting fermions with half-odd-integer spin j and it
can be shown [29] that the partial conservation of seniority is a very peculiar geometric (i.e., interaction-independent)
property valid only for j = 9/2. A similar analysis can be carried out for particles with integer spin and it turns out
that for bosons partial conservation of seniority is a prevalent phenomenon [30], the consequences of which (e.g., for
Bose–Einstein condensates of atoms with integer hyperfine spin) still remain to be investigated.
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FIG. 5: Energy spectra of 94Ru and 72Ni. The 8+ level is isomeric in the former but not in the latter nucleus. The thickness
of the arrows is proportional to the B(E2) values expected on the basis of a seniority classification, and therefore indicates
the likely decay path followed in both nuclei. In the middle is shown a schematic spectrum of low-energy states with seniority
υ = 0 (black), υ = 2 (blue) and υ = 4 (red).
EMERGING SIMPLICITY
In summary, the concept of dynamical symmetry is arguably too restrictive to analyze systems governed by complex
dynamics. From the IBM example presented here, it is tempting to conclude that a satisfactory explanation of the
emergence of regularity in complex systems requires the enlarged concepts of partial and quasi dynamical symmetry.
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